Much of our knowledge of molecular geometry and interaction dynamics comes from indirect measurements of the molecular fragments following breakup. This technique-Coulomb-explosion imaging (CEI), i.e., determining the initial molecular configuration of a system from the momenta of the resulting fragments using knowledge of the particle interactions-is one of the fundamental tools of molecular physics. Moreover, CEI has been a staple of molecular studies for decades. Here we show that one often cannot assign a unique initial configuration to the few-body breakup of a polyatomic molecule given the measurement of the resulting fragments' momenta. Specifically, multiple initial configurations can result in identical momenta for a molecule breaking into three or more parts. Further, the nonunique and nonuniform mapping from the initial configuration to the measured momenta also significantly complicates the determination of molecular alignment at the time of breakup.
I. INTRODUCTION
In the quest to understand molecular geometry and dynamics, a typical ploy is to break the molecule and determine the initial configuration from the asymptotic momenta of the resulting fragments. This is done in a three-step process. First, the molecule is instantly moved to an unbound state, e.g., by stripping electrons using thin foils [1] [2] [3] [4] [5] [6] [7] [8] , highly charged ions [9] [10] [11] [12] [13] [14] [15] , electron impact [16] , or photofragmentation [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] , so that the repulsive force of the nuclei outweighs the binding force [28] . Second, the measured impact times and positions of the fragments at the detector are used to determine the final momenta of the fragments [29] [30] [31] . Third, classical physics is used to "run the clock backwards" to the instant the sequence began. This technique-Coulomb-explosion imaging (CEI)-has been a workhorse of experimental physics and chemistry for decades and continues to play a vital role in cuttingedge research today (e.g., see Refs. [32] [33] [34] ).
Further, CEI is inexorably linked to our understanding of molecular physics as it has shed light upon such fundamental processes as the Franck-Condon principle [16] , dissociative recombination [35] [36] [37] [38] [39] [40] [41] [42] , the breakdown of the Born-Oppenheimer approximation [43] , and reaction pathways and dynamics in collision and photoinduced dissociation [44] , to name a few. Additionally, CEI has evolved to include the detection of multiple ionic fragments as well as electrons, neutrals, and photons. Further, it remains a standard for the interpretation of a vast range of measurements to this day, e.g., recoil-ion momentum spectroscopy (RIMS) [29] , cold-target recoil-ion momentum spectroscopy (COLTRIMS) [29] [30] [31] , photoelectron-photoion-photoion coincidence (PEPIPICO) [45] [46] [47] [48] [49] , and molecular-ion-beam dissociation imaging (MDI) [50] .
For example, energy conservation dictates that instantly removing two electrons from H 2 with an internuclear separation of R and no initial momentum due to rovibrational motion, referred to later as "initial momentum" for brevity, will result in two protons flying back to back [16] , each with a final energy of 0.5/R [51] . Moreover, the converse must be true, and protons measured with a combined kinetic energy release (KER) must have come from a H 2 molecule with an internuclear separation of R = 1/KER. Furthermore, this holds for any classical treatment of two-body fragmentation where the interaction between the fragments is known and the final momenta are measured. Note that although the nuclei are treated as classical particles with no uncertainty in position or velocity, one can obtain quantum mechanical information such as the distribution of internuclear separations, | (R)| 2 [4, 5, 16, 17, 52] . Although energy conservation is used in this example, one can also use time evolution to determine the initial configuration. That is to say, one can either search through the initial configurations until time evolution produces the measured momenta, i.e., in the aforementioned case try different initial R values until the final conditions are best fulfilled, or reverse the final velocities and fly the fragments back in time to their initial positions. The latter is typically not feasible as small deviations, at the laboratory scale, in the measured final parameters result in large deviations in the initial distances on the atomic scale when performing a reverse time evolution calculation.
Unlike the two-body scenario, in the case of n-body breakup (n 3), energy conservation alone is not sufficient for the reconstruction of the initial conditions. A common assumption of n-body CEI is that the final momentum configuration is synonymous with the initial spatial configuration. As an example, in our measurements of three-body breakup of D 3 3+ , see Fig. 5 in Ref. [53] and Fig. 15 in Ref. [54] , a Dalitz plot showing the energy sharing of the (D 3 3+ → D + + D + + D + ) fragments resulting from Coulomb explosion, taken at face value, could lead one to erroneous conclusions about the initial configuration as is discussed below. Moreover, although the classical problem is unique and time-reversal invariant given a simultaneous determination of the exact time, position, and momentum upon impact at the detector, typical measurements only determine the position and time of the particle impacts and infer the momentum from this. Thus, there is insufficient information for a unique mapping from the measured quantities to the initial configuration, and one is forced to search for the initial geometry that will produce the final results.
This problem has been addressed for the bending angle of symmetric molecules, e.g., NH 2 , H 2 O, and CH 2 [55] , using an algorithm, which starts with the measured distribution and converges to an initial distribution of configurations that is consistent with, but not necessarily unique to, the measured distributions [56] . However, this analysis is done for symmetric isosceles configurations assumed to be obtuse and does not address in detail why there are degeneracies, where the degeneracies lie, the order of the degeneracy, when these degeneracies can be avoided or excluded, and when they cannot.
In this paper, we show that there are often multiple initial geometries that yield the same measured momenta, i.e., the final measured momenta are not unique to a single initial configuration. Additionally, the Coulomb-explosion process results in a nonuniform mapping of initial spatial configurations onto final momentum configurations and a rotation of the molecular frame.
II. THREE-BODY COULOMB-EXPLOSION IMAGING
The ideal place to begin an examination of polyatomic CEI is with the simplest possible system-H 3 + → H 3 3+ + 2e − → 3H + + 2e − , where the first double-ionization step is assumed to be instantaneous, the free electrons are assumed to not play a role, and the initial momenta of the protons are assumed to be zero. This system is ideal since (i) the ground state of the initial molecule, H 3 + , is an equilateral triangle [57] , (ii) the force between the fragments is pure Coulomb repulsion, 1/R 2 ij , and (iii) the molecule is important as a benchmark for molecular interactions and calculations [53, 54, [58] [59] [60] [61] [62] and plays a central role in interstellar chemistry [63] [64] [65] .
Three examples are shown in Fig. 1 to illustrate the Coulomb explosion and define the coordinates. The first row shows a molecule starting in an equilateral configuration described by the internuclear distances, R ij , and the corresponding angles, α i . After removal of all the electrons, the fragments will all gain the same magnitude momentum, |p i |, and the momenta vectors will be separated by the angles, γ ij . To more consistently link the initial configuration to the final measured momenta, we choose to connect the ends of the momentum vectors to circumscribe a triangle with angles, β i , which contain equivalent information. Unsurprisingly, the initial equilateral
Note that the overall size of the initial configuration does not affect the initial or final angles.
In the middle row, the same information is shown for an obtuse isosceles initial configuration, α = [13
• ,154 configuration as the previous example, β = (40
• ,100
• ,40
• ). This is because the two protons starting closer together, labeled 1 and 3, strongly repel each other and quickly gain momentum and fly apart while the other proton, labeled 2, gains relatively little momentum. This shows both that the initial spatial configuration does not necessarily match the final momentum configuration and that a particular final momentum configuration does not necessarily uniquely correspond to a single initial configuration.
To examine this phenomenon in depth, we determine the final momentum configurations for all initial configurations (see Fig. 2 ). The final momentum configuration angles, (β 1 ,β 2 ,β 3 ), are encoded in the color (red, green, blue) for each initial configuration, [α 1 ,α 2 ,α 3 ]. Note that α 3 is not shown since α 3 = 180
• − α 2 − α 2 . The isosceles configurations shown in Fig. 1 are marked with arrows and connected to the identical final momentum configuration. Note that it is immediately apparent that the mapping from the initial configuration to the final momentum configuration, α → β, is neither uniform nor always unique.
An alternative way to display this information is as a contour map of the final momentum configuration (see Fig. 3 ). This displays the same information as Fig. 2 3 ], where all configurations have the same total energy. The β angles are encoded in the red-greenblue color value as shown in the legend. In other words, one chooses the initial configuration angles, i.e., α 1 and α 2 , and finds the color at the corresponding point. Then one looks for the same color in the legend and reads the final momentum configuration angles, β 1 and β 2 . The two isosceles lower examples shown in Fig. 1 are pointed out for reference. Both positions have the same greenish color and thus the same final momentum configuration. Note that the mapping is highly nonlinear and often not unique. See text for details and Fig.  3 for alternative representation.
triangle (see black circles in Fig. 3 ). Note that although the asymptotic position of the fragments is different for the initial configurations, the differences are on the scale of the initial molecular configuration, i.e., a few atomic units, which cannot be detected using CEI. That is to say, measurements of molecular fragments typically take place in the laboratory a few microseconds after fragmentation resulting in distances of a few millimeters with a measurement precision of a few micrometers in space and a few hundred picoseconds in time, which means that only the asymptotic momentum is accessible while atomic scale deviations in position are imperceptible within the measurement precision. Therefore, there are four initial configurations, which result in all three fragments having the same final measured equilateral momentum configuration.
III. RESULTS AND DISCUSSION

A. Nonunique mapping
Note that the angular representation of the configuration is chosen here, since in this representation the overall mass, charge, and scale of the initial configuration do not affect the final momentum configuration. For example, equally scaling the charge and/or mass of all the fragments or changing the size of the initial configuration does not change the final momentum configuration angles, only the magnitudes of the momenta change. Thus, the same configuration map can be used for other symmetric triatomics, e.g., ozone (O 3 ) with an initial configuration of α = [31.6
• , 31 Fig. 3 .
In some cases one may argue that this lack of uniqueness is not important-(i) when the difference between the indistinguishable initial configurations is negligible or (ii) when the difference between the indistinguishable initial configurations is large enough that it allows exclusion of all but one configuration on other grounds; e.g., if one knows the initial H 3 + vibrational wave function, then certain exotic configurations with near zero probability could be excluded. However, the ground-state vibrational eigenfunction for H 3 + has a wide distribution centered around the equilibrium configuration [57, 66] , and most ion sources produce vibrationally excited H 3 + with a broad population peaked around ν = 6 [67] . Thus, there is a non-negligible probability for all four of the initial configurations marked by circles in Fig. 3 that lead to the same equilateral momentum configuration. Therefore, one cannot rule out any of the initial configurations if the equilateral momentum configuration is measured.
B. Nonuniform mapping
In addition to degenerate initial configurations, it is also apparent from Fig. 2 that the initial configurations are nonuniformly mapped onto final configurations; i.e., the Jacobian determinant is not constant. This means that the distribution of final momentum configurations is skewed with respect to the distribution of initial spatial configurations. This is illustrated in Fig. 4 for an isotropic distribution of initial configurations in angular space. Note that the final distribution is strongly skewed towards obtuse symmetric configurations while strongly asymmetric and acute final configurations are nearly impossible. Although this may be initially unexpected, it is not surprising upon consideration of the dynamics of Coulomb explosion discussed above and has been taken into account in the analysis of previous CEI measurements of molecular bending angles [55, 56] .
C. Alignment distortion
The alignment of a molecule is also of interest in many processes, e.g., preferential laser-induced fragmentation with respect to the laser polarization [54] or preferential collisioninduced fragmentation with respect to an incident particle velocity [68] . In addition to, and independent of, the change in shape, here too there is a nonuniform mapping from the initial to final states. Namely, assuming no initial angular momentum, determining the principle axes of the inertia tensor, defining the principle axis about which inertia is minimized to be the primary axis, and treating the final momentum vectors equivalently to position vectors, one obtains the rotation of the primary axis in the molecular plane shown in Fig. 5 . Thus, one cannot assume that alignment of the final momentum vectors with an outside coordinate system, e.g., a laser polarization or particle velocity, necessitates the alignment of the initial configuration in the same direction.
D. Mass-asymmetric molecules
To determine if these phenomena are unique to and only significant for H 3 + , which is a very special polyatomic molecule with equal masses and an initial distribution peaked at • (gray arrows). This makes the initial configuration almost impossible to distinguish. In the case of H 2 O + , the ∼37 • configurations are so far from the predicted 104.5
• configuration that these degeneracies can likely be ruled out. Nevertheless, it illustrates how large regions of the initial configuration space can be indistinguishable within typical experimental precision, and additional assumptions must be relied upon to exclude possible solutions.
Doing the same analysis for the ground state of carbon dioxide, which has an equally spaced linear O-C-O configuration, we find that it is difficult to distinguish from unequally spaced linear configurations as the two outer O + ions tend to center the C + ion; i.e., the O + momenta tend toward being mirrored about a nearzero C + momentum (see Fig. 7 ). Additionally, when the alignment is not perfectly linear, the obtuse angle in initial configurations is reduced in the final configuration for the reasons discussed above. However, the initial configuration space around a linear configuration is expanded onto a much larger final configuration space, which could make measuring small deviations from a linear configuration much easier given a proper treatment of the Coulomb explosion. For example, the diamond, the circle, and the square in Fig. 7 • ). Note that the effects of the remaining electrons on the interactions, i.e., a not purely Coulombic Born-Oppenheimer surface, have not been included in the examples discussed above. These interactions further complicate the problem and introduce additional degeneracies. When these interactions are included one can no longer only consider the initial angular configuration of the molecule. All possible bond lengths which match the measured kinetic energy release must also be considered. Moreover, initial velocities have also been excluded from the discussion above. Again, this significantly complicates the problem of determining the initial configuration and alignment from the final momentum configuration, i.e., the measured quantities in CEI.
IV. CONCLUSIONS
In conclusion, we have shown that the measured configuration of the fragments of a polyatomic molecule do not accurately reflect the initial configuration of that molecule, except for two-body breakup under the assumption of zero initial momentum and a purely Coulombic effective two-body potential. Further, Coulomb explosion imaging (CEI) often does not yield a unique solution for the initial configuration of polyatomic molecules even if one neglects the interaction of the remaining electrons and the initial velocity distribution. Moreover, both the alignment of the molecule and the distribution of configurations are skewed by the Coulomb-explosion process. These problems greatly increase with the number of nuclei and the inclusion of electron interactions and initial velocity distributions.
Therefore, for the most part, the dream of reconstructing the initial configuration of a large molecule from the measured momenta of all the ionic fragments is simply unobtainable. In most situations CEI can only provide a verification of a predicted initial distribution of configurations and not an unambiguous determination of that configuration. Regardless, one must account for the limitations and effects discussed herein to properly interpret such measurements.
